UNIFORMITY IN LINEAR SPACES*

BY
NELSON DUNFORD

INTRODUCTION

The first chapter of this paper concerns itself with questions of uni-
form boundedness of sets of points in a Banach space and sets of functionals
on a Banach space, as well as with a group of closely related resonance the-
orems. A well known example coming under this heading is the theorem of
Toeplitz [36]1 stating that supm D ae;|@ms| < providing .= . amats
converges whenever £, does. Another is the theorem of Hahn [12] stating that
if an arbitrary continuous function has the partial sums of its Fourier ex-
pansion, with respect to an orthonormal sequence of bounded functions w,,
essentially bounded, then the sequence f|Y »_ w,(x)w,(£)| ¢ is also essentially
bounded. Still another is the theorem stating that if the adjoint of an every-
where defined transformation between Banach spaces is everywhere defined,
then the transformation is continuous. This was proved, at least for Hilbert
space, by von Neumann [21], Stone [34], Tamarkin ([34], p. iv), and Stone
and Tamarkin [35] and is probably not usually thought of as a theorem on
uniform boundedness.

Most of the results we have in the first chapter are new, others have been
proved only in special cases, and some are well known but the proofs hereto-
fore given have been different. Previous methods for discussing questions of
uniform boundedness divide themselves into three groups (i) those associated
with the names of Lebesgue [18], Banach [2], Hahn [11], and Hildebrandt
[13]; (ii) those characterized by the elegant and direct use of the Baire cate-
gory theorem as in the works of Banach [1], Saks [31], Saks and Tamarkin
[32], and others; and (iii) those employed in a recent theorem of Gelfand [9]
the proof of which is closely related to that of the category theorem.

The second chapter of this paper is concerned with cases where a weak
limiting process implies a strong one. These cases seem to be rather rare but
probably more will come to light in the future. The theorem quoted above,
stating that the existence of the adjoint implies the continuity of the function,
belongs to the class of questions discussed in Chapter II as well as those dis-
cussed in Chapter I, while its analogue (Theorem 42) in the Boolean ring of
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Lebesgue measurable subsets of (0, 1), which states that an additive vector
valued set function y(e) is absolutely continuous providing yy(e) is absolutely
continuous for every linear functional v, is more characteristic of the phe-
nomenon discussed in the second chapter. This is because the continuity of an
additive function on a Boolean ring is not a consequence of its boundedness as
is the case with linear operations on a Banach space. The theorem on the
ring is closely related to the theorem of Orlicz [23] which asserts that for
weakly complete Banach spaces the weak unconditional convergence of a
series implies its unconditional convergence in the strong sense. Another re-
sult in this category which has appeared recently is the theorem of Pitt [26]
which states that a bilinear form >_&:a:n;, if bounded for

had 1/p ) 1/q
el = (Zlalr) " = lslle= (Zlmile) "= 1,
= =

where 1/p+1/¢<1, is convergent in the sense of Pringsheim as a double
series and uniformly for [|«||,=|y|l=1. This result is not true for
1/p+1/g=1. The theorem may be worded in terms of linear operations
on /, and would state that every continuous linear operator on /, to /,- is com-
pletely continuous if ¢ >p’ = 1. In this form it is closely related to Theorem 71
which has also been proved by Pettis [24] and states that an operator on
Lrto L, (p>1), which has the form

W) = f H(s, o(D)dt,

where H(s, ¢) is in L?’ for each s, is necessarily completely continuous. This
shows that the expansion of ¥ with respect to any complete orthonormal se-
quence in L is necessarily convergent (in L) uniformly with respect to
Silo@|»de=1.

With the exception of Pitt’s result in the case where p’>1, Chapter II
contains results considerably broader than those outlined above. Another ex-
ample of the above type, which falls, however, more naturally into the first
chapter is the result that the Riemann integral [,¢(£)df(f), where f(#) has its
values in a Banach space, exists for every continuous function ¢ providing the
integral [ ¢(f)dvf(t) exists for every continuous ¢ and every linear func-
tional v. Still another is that (Theorem 76) a function f(z) from a domain in
the complex z-plane to a complex Banach space is analytic providing vf(z) is
analytic for every complex valued linear functional v.

In Chapter III the results of the preceding chapters are applied to a
theory of Lebesgue integration which is broader than those heretofore given
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and which furnishes the natural tool for the solution of a general type of
moment problem (Theorem 61). The central idea underlying the integral is
that a function f(p) (on a measurable set E to a Banach space ¥) which has
the property that vf(p) is summable for every v in a closed linear manifold
I'x 7, defines uniquely a point in T according to the equation

70 = [ uipar.

This notion is intimately related to the recent work of Pettis whose manu-
script I had the privilege of seeing shortly before I finished the typing of my
own. Pettis’ paper gives the reader a very interesting discussion of the case
where I'=7 and 7. is in Y for every measurable subset e of E, and this case
is undoubtedly one of the most important to be considered. Another case of
interest which we have discussed only slightly is the case where Y itself is a
conjugate space Z, and I'=2Z. Here one always has ¥, in V. The integral in
this case has been defined by Gelfand [9] but has not, as far as we know, been
discussed in any detail.

In Chapter IV a few instances of the general theorems are pointed out.

Notation. The notation we have used is for the most part self explanatory
or else explained where it is introduced, but it might help the reader to keep
in mind that throughout the paper ¥ and Z-are arbitrary Banach spaces
while X is a Banach space subjected to three restrictions imposed at the be-
ginning of Chapter I and later in Chapter II to a fourth restriction. The
symbol T' is always used for a closed linear manifold in ¥, and v for a point
in T'. Thus in expressions such as supi,i-1 vy it is to be understood, unless
explicitly stated to the contrary, that 4 is restricted to be in I

We will be dealing with functions f(¢) on a class T to a Banach space V.
In connection with these functions the following symbols occur:

@, f ), of.

The first quite naturally means the value of the function for the argument ¢.
The second is used when we think of f as a point in an abstract space. The
third, following the notation of E. H. Moore, we are to interpret as follows:
It may be that for a given v in I' the numerical function vf(¢) on 7', when con-
sidered as a single entity, is an element of a Banach space X whose elements
are numerical functions on 7. If so, then vf(.) represents the point in the
Banach space X. In the last one » is a linear functional on a Banach space X
whose elements are numerical functions on T'. In Chapter III we have shown
that the domain of a linear functional » on X can be extended in a natural way
to the class X[V, I'] of all /() on T to ¥ such that vf(.) is in X for every ¥
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in T'. The symbol »f is then the value of the function » for the argument f in
¥[V, T']. This notation might be confusing in case ¥[¥, I'] were a Banach
space (which it sometimes is), and we wished to express the value of a linear
functional on %[V, I'] for a particular argument in X[V, I']. But since we
shall not have occasion to do this, no confusion should arise. It should be
noted that if X =Y, then both symbols ¥/(.) and 4f may have a meaning,
but the meaning is in general different.

CHAPTER 1

1.0. Uniform boundedness. Let X be a Banach space composed of nu-
merical functions ¢(#), where ¢ ranges over an abstract set T. Throughout
what follows X will be subject to the following conditions:

(1) If $:(6) +¢2(t) = ¢ () for tin T, then dpr+¢2=¢.

(2) If, for a numerical constant c, c:(t) =p(2) for tin T, then cd,=¢.

) If pn—d and ¢.(t) —d«(t) for t in T, then ¢ =x.

Let ¥ be an arbitrary Banach space and T a closed linear manifold in 7,
the space conjugate to ¥. The linear space ¥=%[V, I'] is, by definition, the
space of all functions f =f(¢) on T to ¥ such that yf(.) isin X for every yin T

TuEOREM 1. If f is in X[V, T'), then vf(.) is a continuous linear operation
on T to X. In other words, there exists a smallest non-negative number ||f|| such

that
lv/OOllx = 1A, vel.

By (1) and (2) we see that the operation U(y) =v/(.) on T to X is addi-
tive, that is,

U(cryr + cav2) = ciU(v) + ¢2U(v2),

for every pair ¢, c; of numerical constants and every pair 71, 2 of pointsin T'.
Condition (3) shows that if y,—v* and U(y,)— ¢, then U(y*) =¢; thusby a
well known theorem ([1], p. 41, Theorem 7), U is acontinuous operation from
T'to X.

THEOREM 2. Let f(£) be a function on an arbitrary set T to a Banach space V.

Iy -

su1P|'yj(t)|<°°, ve?Y,
le

then
sup /)] < o

Since sup vy =||y|| ([1], p. 55, Theorem 3) where the sup is taken over all v
in ¥ for which ||y]| =1, this theorem follows from Theorem 1 by taking T' =¥
and X = M*(T) = the space of functions bounded on 7.
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THEOREM 3. Let YV be a Banach space and f, a function on an arbitrary
range T to Y, the space conjugate to V. If

sug)lf;y|<°°, yel,
le
then

sup [|f| < .

1T

This follows from Theorem 1 by taking X = M*(T') and replacing ¥ by ¥
and T' by ¥ which can be considered as a closed linear manifold in ¥ and de-
fined as all 5 in ¥ expressible in the form 5(5) = 5(y).

Occasionally in what follows we shall assume that there is a notion of null
set in T'. This notion is subject to the single restriction:

(N) A denumerable sum of null sets is a null set.

Thus the notion of null set may be defined in terms of a completely addi-
tive measure function, in terms of first category sets, or in terms of sets con-
sisting of at most a denumerable number of points, and so on, or may simply
mean a void set. Such terms as ess. sup., ¢(¢) and the Banach space M (T) of
essentially bounded functions on T then have a meaning.

THEOREM 4. Let T be a set () of points in which there is a notion of null set
satisfying condition (N). Let Y be a Banach space for which Y is separable. If
f@) on T to Y is such that ¥f(8) is essentially bounded for every v in Y, then
@)\l is essentially bounded.

In Theorem 1 take X =M (T), I'=7; then
ess. sup. | /()| = |IA-ll]l-

If {v:} isdensein ¥ and T is the set in T where

L@ [ > Al
then T;, and thus >_ T, is a null set, and

[ vf@ [ = 1Al
for every v and every tin T—Y_T;. Thus Hf(t)“ <|lfllon T—=3T..

THEOREM 5. Let T be a set () of points in which there is defined a notion of
null set satisfying condition (N). Let V be a separable Banach space. If f, on T
to Y is such that f ;y is essentially bounded for every yin V, then ||f/| is essentially
bounded.

The proof is entirely analogous to that of Theorem 4.
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THEOREM 6. Let V be an arbitrary set (v) of points and U a set (u) in which
there is a notion of null set satisfying condition (N). Let Y be a Banach space for
which ¥V is separable. If f(u,v) on UV to Y is such that for each vy in ¥V there is a
null set U, c U and a constant M, such that

| vf(u, v) | < M,, uelU — Uy,veV,
then there is a null set Uyc U and a constant M such that
l7¢x, D)|| = M, uelU — UpveV.

In the product space T=UV of points (%, v), null sets may be defined as
sets of the form U,V, where U, is a null set. Theorem 6 is then a corollary of
Theorem 4.

THEOREM 7. Let U and V be as in Theorem 6 and Y a separable Banach
space. If fu,. on UV to Y is such that for each vy in Y there is a null set U,c U
and an M, such that

| fuey| = My, uel — UpyveV,
then there is a null set Uyc U and a constant M such that
”fu,v”§M, ueU—Uo,veV.

This follows from Theorem 5 as Theorem 6 did from Theorem 4.

The postulate of separability in Theorems 4 and 6 is not entirely neces-
sary. They hold, for example, when ¥ =L, the space of summable functions,
and thus ¥ =M, the space of essentially bounded and measurable functions,
which is not separable. They hold even when ¥ =M and 7 is therefore the
space of bounded additive set functions ([7], [15]). These facts we shall prove
presently.

Indeed they hold (in a more general form in that v is not arbitrary)
for any space ¥ for which ¥ is the first or second conjugate of a separable
space. As the reader will readily see from the argument, the only thing neces-
sary is that ¥ have the following property: Let ¥ be a Banach space; then
the conjugate space 7 is said to be a fundamentally separable space (f.s. space)
with determining manifold I in case T is a separable closed linear manifold
in ¥ such that for every y in ¥ and €>0 there is a v in T with ||y|| =1 and
vy >|||| — €; that is, supuy1— vy =||y|| for each y.

THEOREM 8. If Y is a separable Banach space, then Y and Y are funda-
mentally separable spaces.

The space 7 is an f.s. space, for let v, be dense in ¥, and let v, in ¥ be
such that ([1], p. 55, Theorem 3)
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”'Yp” =1, Y)Y = ”y»”-

Let T be the closed linear manifold determined by «v,, (#=1, 2, - - - ). Then
if ||y, —9|| <e/2, we have

supvy = sup [v(y — 35) + 135 > |35l — /2> 5] — e
=1 Ivll=1
In the case of ¥ we can take I'=Y.

A determining manifold for M, the space of essentially bounded functions,
is the subspace C of continuous functions. This is a consequence of the for-
mula

[ roswar = [ gwar

(where f(2) is an absolutely continuous function, g(#) is a continuous function,
and the integral on the right is the Riemann-Stieltjes integral) together with
the fact that

sup fgdf = (total variation of f) = f | f(®) ] at.

le@| =1

A determining manifold for the space M of additive set functions ¢(E), with
||¢|| =total variation of ¢, is the subspace consisting of the absolutely con-
tinuous set functions. This set is isomorphic to L. Similarly, a determining
manifold for the space BV of functions f, which are of bounded variation and
are normalized so that the total variation of f is the norm of the linear func-
tional fgdf on C, is the subspace of absolutely continuous functions. As a final
example of a non-separable f.s. space we mention the space BV [16]. A de-
termining manifold is the space C itself, that is, the set of linear functionals
on BV which are expressible in the form

v = [ s,

where g is continuous and ||v]| =sup, |g(#)].
Theorems 4 and 6 become then, in their more general form, Theorems 9
and 10 below.

THEOREM 9. Let T be a set (8) of points in which there is a notion of null set
satisfying condition (N). Let ¥ be an f.s. space with determining manifold T.
If f(8) on T to Y is such that vf(1) is essentially bounded for every v in T, then
lf®)|| 4s essentially bounded.
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THEOREM 10. Let V be an arbitrary set (v) of points and U a set (u) in which
there is a motion of null set satisfying condition (N). Let Y be an f.s. space with
determining manifold T. If f(u, v) on UV to Y is such that for each vy in T there
is a null set U, c U and an M, such that

| v/(u, )| < M,, welU — Uy, veV,
then there is a null set Uyc U and a constant M such that
lf(x, v)|| = M, uelU — U veV.

1.1. Functions of bounded variation. Let A be a finite number of non-
overlapping intervals (a;, ;) on (a, b). A function f(P) on (a, b) to the Banach
space Y is said to be of bounded variation® on (a, b) in case

sup o] < =,

where Af =) (f(b;) —f(a:)). This is equivalent, in the case of numerical func-
tions, to saying that the sum Y |f(b;) —f(a:)| is bounded in A. This notion of
bounded variation is too broad for some purposes. For instance in non-separa-
ble spaces a function may be of bounded variation and nowhere continuous,
for example, f(¢) on (0, 1) to the space of bounded functions defined as

1, 0=s =t

) = K(s, 8) = {O e

This cannot happen in separable spaces. But regardless of the space we have
the following theorem:

THEOREM 11. Let f be a function of bounded variation on the interval (a, b)
to @ Banach space Y. Then the Riemann-Stieltjes integral [ ¢(s)df(s) exists for
every continuous function ¢.

Let 7' = (8,1), 7%= (3,2) be two partitions of (e, b) with norm so small that
the oscillation of ¢ on any 8,! or 8,2 is less than €. Then if 7! € §,! and 7.2 € 8.2,

20 3o — 20 ¢(rat)dat [ = 22 o(ra) 20 (3a182 1) — 22 #(ra?) 2o (8428411
=2 2 [e(ra) — ¢(a2)] (6182 1),

where 4,18, is the ordinary product of the two intervals 8.}, 8,2, and
6,16,2f=0 in case §,'8,2 is empty.

Now to show that this sum is in norm less than or equal to 2esups ||2, 9],
which is all that is needed, the following lemma will suffice:

* See Gelfand [9] where a corresponding notation is introduced.
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LEMMA. Let a=(ay, az, - - - , a,) be a variable point in n-space with norm
|la|| =sup: | a:|. Let 1, - - -, y. be n fixed points in a Banach space Y. Then the
linear operation

U (a) = E a;y;
fe=1

on n-space to Y has its norm

2y

1€0

Ul = 2 sup

H

where o stands for any set of integers between one and ..

By a well known theorem ([1], p. 55, Theorem 3)
|U|| = sup||yU||, where ~e?.
lIvli=1

Now yUa=) ¢ ,ya:y; and

18240

n
Z|7y¢| = Z'sz— E’Y}’i
=1 oyt L£1

IIA

b

Zyil

ieq

2| sup

where o,+ (¢;7) is the set of integers for which 4y, 20 (<0). This completes the
proof of the existence of [¢df. ’

Consider the space BV, of numerical functions ¢(P) of bounded variation
on (a, b) with ¢(a) =0* and with ||¢|| =/, | dg|.

TrHEOREM 12. If f(P) on (a, b) to the Banach space Y is such that vf(.)
isin BV for every v in Y, then f is of bounded variation on (a, b).

In Theorem 1 take T = (g, b), X =BV, so that
b
|2a7] =8| 5 [ Tansl < I

and thus [|of]| <[]

We should like to point out another proof of this theorem. In order to put
it in the notation of the previous theorems we use ¢ in place of A and put
F(t)=tf. Then yF(f) =tyf is in the space m(T) for every v in ¥; hence Theo-
rem 12 is a corollary of Theorem 2 applied to F(f).

This latter point of view will save some time for it makes the following
three theorems corollaries of Theorems 3, 7, and 10, respectively.

* This restriction is merely for simplicity of notation.
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THEOREM 13. If fp on (a, b) to Y is such that fpy is in BV, for eachy in ¥,
then fp is of bounded variation on (a, b).

THEOREM 14. Let U be a space in which there is a notion of null set satisfying
condition (N), and let Y be a separable Banach space. If fu.p on U(a, b) to V is
such that for each y in'Y there is a null set U, c U and an M, such that

b
f | dpfu.py| = My, wuelU — Uy,

then there is a null set Uq € U such that f . p is of bounded variation in P on (a, b)
uniformly with respect to u in U —U,.

The v in Theorem 7 plays the role here of ¢ or A, and Theorem 7 applied to
the function F,,=uf,pr gives the present theorem. Similarly Theorem 10
gives the theorem:

THEOREM 15. Let U be a set (u) in which there is a notion of null set satisfy-
ing condition (N). Let Y be an f.s. space with determining manifold T. If f(u, P)
on Ula, b) to Y is such that for each vy in T there is a null set U, c U and an M,
such that

b
f | devf(u, P)| < M., wel — U,,

then there is a null set Uy U such that f(u, P) is of bounded variation in P on
(a, b) uniformly with respect to w in U —U..

THEOREM 16. If f(p) on (a, b) to Y is such that the Riemann integral

b
[ owrann

exists for every continuous function ¢ and every v in Y, then the Riemann in-
tegral

b
f $(2)df(p)

exists for every continuous function ¢.

In view of Theorems 11 and 12 it is sufficient to show that the existence
of the Riemann integral /, "o(p)dy(p) of an arbitrary continuous function with
respect to the real function ¥ implies* f |dy| <.

* This fact is probably well known. It is stated without reference in the introduction of a paper
of Pollard [27]. Not knowing where it is proved and because the above proof is another simple
application of the principle of uniform boundedness we give the details here.
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If ¥ is not of bounded variation on (e, b), a sequence w, of partitions of
(a, b) with norm approaching zero can be formed in such a way that each
partition , is composed of intervals é§;, 8/ with

Zw’m.
i

From the principle of uniform boundedness, however, there is a constant M
independent of # such that for an arbitrary continuous function ¢(p) we have
the inequality

l PIRICHLES Z¢(fi'>a,~’¢| = M swp |o(p)],

aSpSh

where 7; (r/) is a point in §; (87 ). For any n > M let ¢ be the continuous func-
tion which vanishes on 8/ and on §; has for its graph an isosceles triangle.
with base §; and height one. Then if 7; is the center of §;, we have

éM,

n < I ? oW l = Z d(r)o
i i
a contradiction.
In a similar manner it is possible to demonstrate the following theorem:

THEOREM 17. If f, on (a, b) to Y is such that the Riemann integral

f $(D)dfo(y)

exists for every continuous function ¢ and every yin Y, then the Riemann integral

[ o(0)df

also exists for every continuous function ¢.

For simplicity of statement we have avoided a generalization which might
be made in Theorems 2 to 15 inclusive (except 8 and 11). In all of these
theorems the set of y[y] for which ¥f(¢)[f.y] is bounded, or essentially
bounded, need not be assumed to be the whole of I'[V] but merely a set
of second category in I'[V ]. We have so far only used Theorem 1 in the case
where X =M (T) or M*(T) and each of these spaces is a special case of a
Banach space X where the following condition holds. If [|¢,|| <M for
p=1,2,--- and ¢,(t)—>¢(t) for every t in T, then ¢ is in X, and ||¢|| <M.
For Banach spaces X satisfying this condition it is readily shown that if
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vf(.) isin X for every « in a set of the second category in I, then vf(.) isin X
for every v in T. For the set I',c T, where 4f(.) is in X, is a linear set and
contains a sphere in I since it is a second category sum of closed sets
T.=T[||vf(.)|lx <#]. Thus in the case of a space X satisfying the above con-
dition, Theorem 1 can be worded as follows:

THEOREM 1/. Let X be a Banach space satisfying, besides the conditions (1),
(2), (3), the condition stated in the preceding paragraph. If the function f(t) on
an arbitrary set T to a Banach space Y is such that vf(.) is in X for every v in
a set of second category in the closed linear manifold T € ¥, then f is in X[V, ']
and ~f(.) is a continuous operation from T to X.

From this statement of Theorem 1 the generalization mentioned above is
obvious.

1.2. Adjoint operations. It has been proved by von Neumann [21], Stone
([34], p. 61, Theorem 2.26), Tamarkin ([34], p. iv), and Stone and Tamarkin
[35] that an additive operation on Hilbert space to Hilbert space is continu-
ous providing its adjoint is everywhere defined. The corresponding theorem
for Banach spaces, together with a number of similar theorems, can be ob-
tained from Theorem 1 by specializing the range 7', the function f, and the
space X. As the reader will see, these theorems are all of a general type assert-
ing that a limiting process when existing in a weak sense will also exist in a
strong sense, and he may therefore expect to find them in Chapter II where
such phenomena are discussed. Since the operations involved are additive
functions and for such functions continuity is equivalent to boundedness,
and since the proofs are entirely characteristic of the preceding proofs, we
prefer to group these theorems with those on uniform boundedness.

In this section ¥ and Z are arbitrary Banach spaces.

By a determining manifold in Y will be meant a closed linear manifold T
in ¥ such that

sup vy = ||y, yeV.
lvll=1

We shall use the letter T for a determining manifold in V. It will not be as-
sumed that T is separable unless it is so stated. The symbol I'* will be used
for a set of elements in ¥ (not necessarily in T') such that for every v in T
there is a sequence v, of finite linear combinations of elements of I'* such that
vy — vy for every y in ¥. The symbols v, v*, u, with or without subscripts
or superscripts, will always stand for points in T', I'*, Z, respectively.

We shall be considering functions y =£(z) on a set D(f) (domain of f) dense
in Z and with values in Y. The adjoint f of f is a function on a subset of ¥
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with values in Z. The domain of definition D(f) of f consists of those ¥ in ¥
for which there exists a u such that

7/(2) = pz, zeD(f).

Since D(f) is dense in Z, u is unique. The function f is then defined by the
equation

@) =u, yeD(f).

THEOREM 18. If the domain D(f) of y=1(2) is dense in Z, and if the adjoint
of f is defined for every v in T, then D(f) =7, f is continuous, and the domain
D(f) may be extended to the whole of Z in such a way that the extended function
f(2) is a bounded linear operator with norm the same as that of f.

First note that Theorem 2 holds if ¥ is replaced by a determining mani-
fold I'in Y. Now in Theorem 2 take T as the set of all z in D(f) with “z” <1
By Theorem 2

7@l = M, zeD(f), || = 1.

The rest of the proof is obvious, and we leave it to the reader.

THEOREM 19. If the adjoint of y=1(z) on Z to Y is defined for every v* in T'*,
then f and f are bounded linear operators with the same bound.

It is a well known corollary of Theorem 3 that if a sequence {u,} of linear
functionals converges for every z, then the limit is a linear functional. Thus
the adjoint f is defined for every * in T'; and this theorem is a corollary of the
preceding one.

THEOREM 20. If the additive function y=f(z) on Z to YV has the property
that ¥*f(2) is continuous for every v* in T*, then f is continuous.

This is merely a restatement of Theorem 19, and it is in this form that we
prefer to state the further theorems of this type.

We note in passing that for Banach spaces ¥ which are equivalent to their
own conjugates it is possible to define the notion of a symmetric transforma-
tion and obtain a corollary to Theorem 19 which states that if an additive
symmetric transformation is defined everywhere, then it is continuous. For ex-
ample a function f(y) on D(f) € ¥ to ¥ (where ¥ =7) might be defined as
symmetric if it obeys the law

y'f(y) = (5, ¥, ¥ e D(f).

THEOREM 21. If the additive function f, on Z to Y has the property that f,y
15 continuous in z for each v in a fundamental set in V| then f, is continuous.
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This follows from Theorem 20 by replacing ¥ by ¥, ' by ¥, and T* by a
fundamental set in V.

THEOREM 22. If f and f,, (n=1,2, - - - ), are additive functions on Z to ¥
such that v*f,(2) is continuous for each v* in T* and every integer n, and if

7*.[”(2) i 'Y*f(z) ) 'Y* € I‘*’ 2 GZ,
then f is continuous.
This follows from Theorems 3 and 20. We leave the details of this theo-
rem, as well as the next, to the reader.

THEOREM 23. If f,and f7, (n=1, 2, - - - ), are additive functions on Z to ¥
such that f (y) is continuous in z for every y in a fundamental set in Y and every
integer n, and if

ligl () = f.(9),

for zin Z and y in a fundamental set in Y, then f, is continuous.

THEOREM 24. Let S be an arbitrary set (s) of elements, and let f(z, s) on ZS
to Y be such that
(i) for eachyinT and zin Z,vf(z, s) is bounded on S;
(ii) for eachy in T and s in S,vf(3,s) is a continuous linear functional in z.
Then f(z, s) is continuous and linear in z uniformly with respect to s; that s,
there is a constant M such that

sup /G, )|l = M4, zeZ.

Let T=ZS, and take X as the space of all real functions u(z, s) on T which
satisfy the following conditions:

(a) For each 3, u(z, s) is bounded on S.

(b) For each s, u(z, s) is a continuous linear functional on Z.

Then by Theorem 3

sup ||u(., 9)|| = sup sup | u(s, s)| < .
s s Jlzll=1

This constant is taken as the norm of a point in X. Theorem 24 is then a
corollary of Theorem 1.

THEOREM 25. Let S be an arbitrary set of elements (s) and f,,on ZS to ¥ be
such that
@) foryin Y and 3 in Z, f,,.(y) is bounded on S
(i) foryin Y and sin S, f...(v) is continuous and linear in z.
Then f,. is linear and continuous in z uniformly with respect to s, that is,
there is a constant M such that
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supllf..d| = M4, zeZ.

This follows from Theorem 24 by replacing ¥ by ¥ and T by V.

THEOREM 26. Let S be an arbitrary set (s) in which there is defined a notion
of null set satisfying condition (N). Let Z be separable and f(z, s) on ZS to ¥
such that

(i) for each v in T and z in Z there is a constant M(y, z) and a null set
S(v, 2) such that |vf(z, 5)| =M (v, z) on S—S(v, 5);
(i) for eachyin T and s in S, vf(z, s) is continuous and linear in .
Then there is a constant M such that

ess. sup. sup | vf(z, s)| < M|;
s llzll=1

and if T is separable, there is a null set S, such that
l7Gz, 9| = MHz” seS— S, z2eZ.

Take T'=ZS and X as the space of all real functions on T of the form
u(z, s), where

(a) for each s, u(z, s) is continuous and linear in z;

(b) for each z, u(z, s) is essentially bounded in s.

Then by Theorem 5

ess. sup. ||u(., s)“ = ess. sup. sup [y(z, s)| < o,
s ] fzll=1

and this constant is taken as the norm in X. The first conclusion follows from
Theorem 1. If {v;} is dense in T, and if S; the set in S where

sup | vif(z, )| > M7,

then the second conclusion follows by taking So=> .S

THEOREM 27. Let S and Z be as in Theorem 26, and f,, on ZS lo Y be
such that
(i) for each y in Y and z in Z there is a constant M(y, z) and a null set
S(y, 2) such that |f...(y)| <M(y,z) on S—S(y, 2);
(ii) foreachyin Y and sin S, f, .(y) is continuous and linear in z.
Then there is a constant M such that

ess. sup. sup | f..(3) | < M]y|.
3 llzll=1

If Y is separable, then there is a null set Sy such that
Hfz't” é M”Z” on S - So.
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This follows from Theorem 26 by replacing ¥ by ¥ and ' by Y.
The theorems of this section may be conveniently applied to the theory of
multilinear forms. One has, for example, the following theorem:

THEOREM 28. Let Y, Z, Z' be Banack spaces, and f(z, 2') on ZZ' to Y be
additive in each argument and such that for each v* in T*  v*f(z, 3") is continuous
in each of the variables z, 2’ separately. Then there is a constant M such that

/G, 2| = M4 -||2]].

From the continuity of ¥*f(z, z’) in z and 2’ separately follows that of
vf(z, 2’) for any v in I'. The desired conclusion follows from Theorem 24 by
taking .S as the unit sphere in Z’. A corollary is the following:

THEOREM 29. Let f,.. on ZZ' to Y be additive in each argument and such that
for each yo in a fundamental set in Y, f, . (o) is continuous in z, 3’ separately.
Then there is a constant M such that

72l = mllal]-]l=1].

We shall leave further applications of this sort to the reader.

1.3. Concluding remarks. Although we shall not have much occasion to
use the fact, it might be pointed out that for certain Banach spaces X, the
corresponding space X[V, '] (where I is a determining manifold in ¥) is it-
self a Banach space. Suppose the Banach space X satisfies, besides the condi-
tions (1), (2), (3), the further condition:

(A) If ¢po— @, then ¢, (t)—> o(t) for each tin T.

It follows from this that ¢(#) =0 on T providing ¢ =0, and also that for
fixed ¢, v, =¢(1) is a linear functional on X. Thus

lo@) | = (vl llell, peX.

This shows that if s is an arbitrary parameter and
lim [|¢n — ¢m || = 0
uniformly in s, then for each ¢

| $m(@® — 6@ | = [lvdll-l|6m = ¢n|| = 0
uniformly in s. Now suppose T' is a determining manifold in ¥ and {f.} is
a Cauchy sequence of points in X[V, T']. Then
lim sup [[4/(.) = 9-Cll = 0,

mun |lyl=
and thus
lim sup I Yfm(t) — ‘yf,.(t)l =0, for each ¢,

ma lyl=1
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so that the sequence f, defines uniquely a function f(¢) on T to ¥ such that
1.(t) — (1), teT.

It is readily shown that f is in [V, T'] and that ||f.—f||—0 where the norm
is taken in the space X. Thus X[V, I'] is complete. This, together with certain
other obvious facts, shows that ¥[V, I'] is a Banach space.

Now let U(y) be an arbitrary continuous linear operation from T to X,
and suppose that ¥ =7. Then »,U(y), being continuous in v, is represent-
able as »,U(y) =7(v), where ¥ is a point of T. By the Hahn-Banach theorem
on the extension of linear functionals, there is a point 3 in ¥ such that
¥(y)=7(v) for ¥ in I'; and since ¥ =¥, we have for cach ¢in T a point f(¢) in
Y such that »,U(y) =vf(¢) and thus U(y) =vf(.). This shows that for spaces
Y equal to their second conjugates the operation of Theorem 1 is the general
linear operator from I' to X. To summarize we state the following theorem:

THEOREM 30. Let X be a Banach space which satisfies, besides the conditions
(1), (2), (3), the further condition (A). Let T' be a determining manifold in V.
Then the space X[V, T') with the norm ||f|| of Theorem 1 is a Banach space. If
in addition Y =7, then every continuous linear operator U(y) on T to X is ex-
pressible in the form

Uly) = v/(),
where f is a point of X[V, T].

The condition (A) will not be assumed at any other place in this paper.

CHAPTER II

2.0. Uniform limiting processes. Most of the applications of Theorem 1
that have been given thus far have been of the general type asserting that
boundedness in a weak sense implies boundedness in a strong sense. The ap-
plications of the present chapter are to cases where certain limiting processes,
when existing in the weak sense, also exist in the strong sense. This is closely
related to, and in many cases synonymous with, the statement that the opera-
tion of Theorem 1 is not only continuous but completely continuous. This is
the case when Xislor L, I'=7, and ¥ is a separable space equal to its second
conjugate. Cases other than those in this chapter where a weak limiting proc-
ess implies a strong one will be found in Chapter IV.

Before proceeding to the results of this chapter we desire to point out the
connection between Theorem 32 and a theorem of Orlicz-Banach. Orlicz [23]
has shown that for weakly complete spaces the unconditional (that is, ab-
solute in this case) convergence of >_ . _,vy» for every v in ¥ implies the un-
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conditional convergence of D_y.. Banach ([1], p. 240) states this theorem in
a more general form, namely: If all partial sums of ) _y, converge weakly to
an element in ¥, then D_y, converges unconditionally. In this form it is not
assumed that ¥V is weakly complete, and the proof can be carried out in a
fashion similar to that of Orlicz.*

In view of the known conditions for conditional compactness in / (see, for
example, [5], Theorem 2) we can give the following proof of the Orlicz-
Banach theorem. Let S be the unit sphere in ¥ and U(y) = {yy.} on ¥ to ]
which, by Theorem 1, is continuous. It is also completely continuous, for
from any sequence in .S there is a subsequence v; converging on the closed
linear manifold determined by y., (#=1, 2, - - - ). Since Theorem 1 shows
that the sequence {U(y:)} is bounded, to show it convergent weakly and
hence in J, it is sufficient to show that fU(y;) converges for every f in a funda-
mental set in J. Such a fundamental set is the set of characteristic functions
of sets ¢ of integers. For such an f=f,,

va('Yi) = Z Yi¥n = Yido,
and this converges since ¥, is in the closed linear manifold determined by y..
Thus U(S) is conditionally compact; therefore

lim 3| vya| =0
N =N
uniformly on S, which shows that >_.,.,y. =y, for every set o of integers.

Theorem 32 to follow is a generalization of the Orlicz-Banach theorem,
but the proof even in the case considered by these authors is different from
that of Orlicz.

We shall now assume that X is a Banach space of numerical functions
#(p) on a range P satisfying, besides the conditions (1), (2), and (3) (with T’
replaced by P), the further condition:

4) If psisin X, (5=1,2, - ), and ¢p:(p)— ¢(p) for p in P, and if ve,
converges for every vin X, then ¢ is in X and ¢;— ¢ in X.

It is evident that ] has this property, for weak and strong convergence in J
are equivalent. Another space in which we shall be interested, which satisfies
conditions (1) to (4), is the space L(E)=L(E, «). In this symbolism E is an
abstract set, and a a completely additive measure function defined on a
o-field a(E) of “measurable” subsets of E. The space L(E) is then the space

* Pettis has also given a proof of this theorem; see [24].
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of numerical functions on E summable on E with respect to the total varia-
tion |a| of @, and the norm of a point ¢ in L(E) is

lell = [ o1 a] al.

The space L(E) enjoys the property (4), for if v¢; converges for every v
in L(E), we have in particular

tim [ ou(p)de

existing for every measurable subset ¢ of E. Thus by a theorem of Vitali-
Hahn-Saks [31] the integrals are equi-absolutely continuous. It follows im-
mediately that ¢ is in L(E) and ¢;— ¢ in L(E).

In what follows in this chapter P = (p) and T = (f) are arbitrary sets, X isa
Banach space of numerical functions ¢(p) on P which satisfies conditions (1)
to (4), and F is a fundamental set in X. The space is an arbitrary Banach
space, I is an arbitrary closed linear manifold in ¥, y(p, #) is a function on PT
to ¥, and Y, is the closed linear manifold in ¥ determined by y(P, T). The
symbol M (X) will be used for the space of numerical functions ¢(2, £) in X
for each ¢ in T with ||¢|| =sup. [|¢(., #)|| x <. The following assumptions
will sometimes be made:

I. For every p in P the set y(p, T) is conditionally compact.
II. Either Y, is separable, or every bounded sequence in T' contains a sub-
sequence y; such that vy, converges for every yoin ¥,.

Note that the first of the two alternative assumptions in II implies the
second, and that I implies II in case the range P is denumerable.
In the following theorem the domain D(U) of U is the setof all uin ¥
for which U (u) =uy(p, t) is in M(X).
THEOREM 31. Assume I and 11, and that
(i) TeD(U), and
(ii) for f in F there is a y;(t) on T to Y, with y,(t) conditionally compact and

fry(, ) = vy, (), vyel,teT.

1t follows that
(iii) if {v:} is a bounded sequence in T, u a point of ¥, and y:yo—uyo for yo
in Yo, then pisin D(U) and U (y;) approaches U(u) in M (X);
(iv) in case T=Y and v;yo— 0 for yo in ¥, then U(y;)— 0 in M(X); and
(v) U(y) is completely continuous on T to M(X).
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To prove (iii) we have by Theorem 1
vl = [|Ul] sup [lvd],

so that
sup llviy(., Ollx = M.

For f in F, fviy(., t) =v,(t), and this sequence converges for each . Thus
since v:y(., t) is a bounded sequence in X, it is weakly convergent. Also
viy(p, t)—uy(p, t) for every p and ¢. Hence for each ¢, uy(., ) is in X and
vy(., )—uy(.,t) in X. Thus

””’y(" t)“X = h‘ln I|7‘y('7 t)“X =M,

so that U(u) is in M (X). If U(v) does not approach U(u) in M (X), there are
sequences z,— and #,, and an ¢>0 such that
0<e< Il)‘qy(~; tq)”X = ”%”X =M,

where A, =v;,—p and ¢, =Nzy(., t,) is a point in X.

To obtain the contradiction we shall show that

(a) ¢qo(p)— O for each p in P, and

(b) fé, converges for every f in X.
Since V,=y(p, T) is conditionally compact it is totally bounded and is thus
covered by a finite number of spheres K(y;, 8), (i=1,2, - - -, ns), with centers
v; in v, and radii 8. There is a ¢; such that

l)‘qyiléay 1=1,2,--,m;9 = ¢,
and for each y in V,, there is an i such that ||y —y,|¥ <8. Thus for any yin V,
l )\qyl = I N(y — y.~)| + | )‘q()’c')l

B[Sgp Il + 1], =X

IIA

This shows that A;y— 0 uniformly on V,; hence (a) is true. Since ||¢||x <2M,
it suffices, in proving (b), to show that f¢, converges for every f in F. Now
from (ii), and the fact that v;y(., £)—uy(., ), we have

oo = Aey(., ta) = Ne¥s(ty),

and since y,(T) is conditionally compact, it follows as above that f¢,— 0. This
completes the proof of (iii).

To prove (iv) note that while ||v{| may not be bounded, the sequence
l|villo=supnyet=1 | ¥4y0| (Where 9o is in ¥) is bounded. Thus by a theorem of
Hahn-Banach ([1], p. 27) on the extension of linear functionals, there is a
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sequence {\;} in ¥ such that {\;} is bounded in ¥ and A; coincides with v,
on ¥, Conclusion (iv) is then a corollary of (iii). In view of II, for every
bounded sequence in T there is a subsequence v; and a functional u such that
viy—uy on Y, Thus (v) also follows from (iii).

Theorem 31 enables us to state eight theorems some of which will be of
use later in the theory of integration. These theorems deal with the following
Banach spaces (where 7T =(¢) is an arbitrary set of elements):

E, is the space composed of sequences of numerical functions ¢.(¢) such
that sup: > n.|¢a(f)| <. The norm is then defined as

llell = sup [ 4a®)]-

n=1

E, is the subset of E, for which
lim sup .| #.()| = 0.
N=w t p=N

The norm in E, is the same as that in E;.

E;: Suppose that in T there is a notion of null set satisfying condition (N).
Then E; is the set of sequences of numerical functions ¢,(¢) such that
ess. Sup.: 2 n-1|#.(t)| <. The norm is

lloll = ess. sup. 22 6at) .

n=1

E, is the subset of E; for which

lim ess. sup. 2| @a(f)| = 0.
N=cw t n=N
The norm in E, is the same as in E;.

Let E be an abstract set, and « a completely additive numerical measure
function defined on a o-field a(E) of “measurable” subsets of E. Let |« (¢)
be the total variation of « on e, and suppose that |a|(E) <.

E; is the space of numerical functions ¢(p, £) on ET such that, for
each ¢ in T, ¢(p,#) is summable relative to |«| on E and such that
sup: [, |#(p, #)|d|a| <. The norm is then

el = sup [ (]2 al.
E; is the subspace of E; for which

lim supf|¢(p,t)|d.|a| = 0.
t e

lalte)=0
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The norm in Eg is the same as for E.

E;: In case there is a notion of null set in T satisfying condition (N), then
E; is the space of numerical functions on ET such that for almost all ¢in T,
#(p, t) is summable with respect to « on E and

ol = ess. sup. fx| 6(p, )| d|a| < .
E; is the subspace of E; consisting of all functions for which

lim ess. sup. fld)(p, )|d|a|=o0.
lal(e)=0 t E
The norm in Ejg is the same as in E;.

In case the set T has but a single element, the first four of these spaces re-
duce to ! while the last four reduce to L=L(E, ).

THEOREM 32. Let {y.(t)} be a sequence of functions on T to Y such that
(i) for every set o of integers there is a y,(t) on T to Y such that

2 vya(®) = 13.(), teT,veT;
(i) for everyyin T, U(y)= {vy.(@)} is in Ei; and
(iii) for every n and o the sets y.(T), y,(T) are conditionally compact.
Then it follows that
(iv) the transformation U(y) on T to E, is completely continuous;
(v) for eachtin T

lim 3| vy.()| =0
N=o a>N
uniformly with respect to ||v|| < 1;

(vi) the set T of linear functionals for which it is assumed that U(vy) is de-
fined can be extended to include any v in Y for which there exists a sequence v
in T with ||v|| bounded and v:y.(8)— vy.(t) for every n and t. If v: and v are
such functionals, then

lim sup 2o viya(® — vyaty| = 0;

na=l
(vii) in case T =Y and v;y— 0 for y in ¥, then
lim sup | viya@®) | = 0;
J=o t =1

(viii) 47 case T is a determining manifold in ¥, then for every set o of integers
the series D nesYn(t) comverges on T to y,(2).
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Most of these conclusions follow immediately from the preceding theorem.
Here the set P is replaced by the set of integers so that condition IT is auto-
matically satisfied. Conclusion (v) follows from (iv) by applying the condi-
tions for compactness in /, and conclusion (viii) follows immediately from (v).

It should be pointed out that if I'=7, and ¥ is weakly complete, then
in hypothesis (i) the existence of y,(¢) is implied by the convergence of
D neYYa(t). Alsoif T has but a finite number of points, then (iii) is automati-
cally satisfied. Thus if V=T, if ¥ is weakly complete, and if X =1, the trans-
formation of Theorem 1 is completely continuous. Similar remarks hold for the
following theorems:

THEOREM 33. Under the hypothesis of the preceding theorem, except that now
it is assumed that U(y) is in E, for every v in T, the conclusions (v) and (viii)
can be strengthened to the following statements:

(v') uniformly with respect to ||v|| <1,

lim sup 2l vy ] = 0;
t N
(viii") in case T is a determining manifold in Y then, for every set o of in-

tegers, the series D ,..y-(t) converges uniformly on T to v,(t).

If (v’) were not true, there would exist sequences N;—, #;, and ¥, an
€>0, and a functional v (perhaps not in I') such that

lvdl =1, vivo— vy, yoeVo; 0<e<§;l*re:vn(ts)|, i=1,2---.

By (vi) of the preceding theorem U(y;)—U(y) in E,, and, since E, is a closed
linear manifold in E,, U(y) must be in E,. Thus

lim sup ;I'y:‘yn(ti)' S lim sup 2| viyn®) — vya(0) |

n=1
= ll:n sup Zl 'Yyn(t)l =0,
¢ N;

which is the desired contradiction. Conclusion (viii’) is a corollary of (v’).

THEOREM 34. Assume I and 11 and that U(y) =vy(p,t) on T to Esis such
that
(i) for every e in a(E) there is a y.(t) on T to ¥, with v.(T) conditionally
compact and

vy.(l) = f vy(p, e, ye.
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Then
(i) if {v:} is a bounded sequence in T, u a point of ¥, and viye—uyo
for yoin Vo, then U(u) is in Es and

lifn sup f|‘¥i}’(1’, ) — wy(p, t)| d| a| —0;
E

(iii) for each t
lim flvy(p,t)ldlal =0

|| (e)=0

uniformly with respect to ||v]| <1;
(iv) U is completely continuous;
(v) in case E=(0, 1) and « is Lebesgue measure, then for each t

1—

h
lim vy + k&) — vy(p, )| dp = 0
=0 J

uniformly for ||v]| 1.

This follows from Theorem 31. Here F is the set of characteristic functions
of measurable sets e. In view of II, conclusion (iii) (which however is not as
strong as (iv)) follows from (ii), and (v) is a known condition for compactness
in L [37].

THEOREM 35. If, in addition to the assumptions of the preceding theorem
we assume that for eachy in T

lim supf|'yy(p,t)|dla|=0,
lel(e)=0 ¢ e
then this limit exists uniformly with respect to ||v|| 1.

If the conclusion were not true, there would exist sequences ;, 7v;, e;
(with |e| (e))— 0), an €>0, and a v (perhaps not in T') such that

”7‘” =1,
YiYo — Y Yo, Yo € Yo,

and
0<e <f | viy(p, 8] d| «].
By the preceding theorem U(y) is in E; and U(y:)—U(v) in Es. But since E,

is a closed linear manifold in Es and U(y;) is in Es, it follows that U(y) is in
E; and thus
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lim sup f | viy(p,t)| d]| a| < lim sup f Lvy(p, t) — viy(p, 8)| | |
e t E

+ tim sup [ |vs(p 0] dlal =0,
t .

which is a contradiction.
The following two theorems deal with transformations U(y) =vy.(¢) on T
to E; and E,, respectively. By T, will be understood the set in T for which

le vya(8) | = (U]l -

Then by Theorem 1, T— T, is a null set.

THEOREM 36. Let y.(t) be a sequence of functions on T to Y, T' a separ-
able closed linear manifold in YV such that
(i) for every set o of integers there is a y,(t) on T to Yo such that for every v
in T,
227 = 7y.(0), teTy;
(ii) for every v in T, U(y) =vv.(t) is in Es; and
(iii) for every n and o the sets y.(T), v.(T) are conditionally compact.
Then it follows that
(iv) in case {v:} is a bounded sequence in T' with vsyo—uyo on Vo, U(u)
is in Es and U(y:)—U (u) in Es;
(V) U is completely continuous; and
(vi) in case T is a determining manifold in V, there is a null set T such that
for every o we have

Z yﬂ(t) = ya(t)) te T—To.

neo

THEOREM 37. If in addition to the conditions of the preceding theorem it is
assumed that U(y) is in E,, then

lim ess. sup. 2| vy.(6)| =0
N ¢ N

uniformly for ||v|| <1. For every o

2= a(®) = 3.(0)

neo

uniformly on T —T,.
To prove Theorems 36 and 37 let To=>_;-, (T —T,,), where {v.} is dense
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in T so that T is a null set. Now let ¢ be fixed in T— T, and assume ¢>0
and N an integer. There is then an 7 such that

N
2 vyat) — viya®) | < e;

nml

hence

N =)
Slmm®| e+ Z‘ZI viya@®) | = e+ Ul

ne=l

which shows that

up i' vy | = U] |, vel.

S
teT—T) nel

Theorems 36 and 37 now follow from Theorems 32 and 33 applied to the
set T—T,.

The following two theorems deal with a transformation U(y)=vy(p, ¢)
on I' to E; and Es, respectively. Here T, is the set in T for which

S 1.0l alals ol

By Theorem 1, T— T, is a null set.

THEOREM 38. Assume I and I1, T' separable, and U(y) =vy(p, &) on T to
E; is such that
(i) for every e in a(E) there is a y.(t) on T to ¥V, with y.(T) conditionally
compact such that for v in T

vy(t) =f'yy(p, f)da on T,.

Then it follows that
(ii) if {v:} is a bounded sequence in T and v;y—uy for every y in Y, then
U([l) is in E; and U(’Y,)*—>U([l,) n E1;
(iii) for almost all ¢
lim | |vy(p, 0] d|al =0

lal(e)—0 o ¢

uniformly for ||v|| =1;
(iv) U is completely continuous; and
(v) in case E=(0, 1) and « is Lebesgue measure, then for almost all ¢

1—-h
1hmf | vy(p + b, &) — v3(p, 8)| dp = 0
= 0

uniformly for ||v|| <1.
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Let v; be dense in I and To=)_ T—T,,. Fix v in T and ¢, in T —T,, and
let v; — . Then

vy(p, to) = vy(p, to)

for every p, and

vr.) = [ vop, D,
providing ¢is in T, ;; thus, since ¢y isin T,

v = [ 7309, ).

Since v; — ¥, the integrals [ y:y(p, to)da are equi-absolutely continuous (see
[31]) and

f,,l v:y(p, o) — vy¥(p, to) | 2| a| - 0.
Thus

[1as6,01dlal = tm [ 12,191l al < 10-lvd) = 1]l
E 1 E

This shows that
sup [ |36, | ] al < |01}l
teT—To E

and the theorem thus follows from Theorem 34 applied to the set T —T,.
In like manner the following theorem follows from Theorem 35:

THEOREM 39. If in addition to the assumptions of the preceding theorem we
assume that for each v in T'

lim ess. sup. fl vy(p, t) | d| a| =0,
lal(e)=0 ¢ e
then this limit exists uniformly for ||v|| <1.

THEOREM 40. Let S be any bounded set in ¥ and y(e) an additive function
on a(E) to Y such that y(a(E)) is separable. Then if for each v in S

lim yy(e) = 0,
lale)=0

this same limit holds uniformly for v in S.
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For if not, there exist sequences v; and e; with | a| (¢;)— 0, and a positive e
with

| viy(es) | > e, i=1,2,---.

Since y(a(E)) is separable, there is a subsequence v/ of v, such that v/ y(e)
converges for each ¢; thus by a theorem of Saks [31] the functions v/ y(e) are
equi-absolutely. continuous, which contradicts the above inequality.

THEOREM 41. Suppose that the space a(E) when metrized by the distance
function

(elr 62) = | al (31 + €y — 8182)

is a separable space. Let T be a determining manifold in ¥, and let T* be a set
of points in Y (not necessarily in T') such that for every v in T there is a sequence
v.* of finite linear combinations of elements in T* with

lim v.*y = vy, ye?V.
n

Let y(e) be an additive function on a(E) to Y such that
(i) for every sequence {e.} of disjoint sets in a(E), y(D_e.) is in the closed
linear manifold determined by y(e.);
(ll) lim jq (=0 'Y*y(e) =0, (7* € P*)-
Then
lim y(e) = 0.

la|(e)=0
Since for arbitrary ¥ in T

vy(e) = lim v*y(e),
n

and each v,*y(e) is continuous on the complete metric space a(E), the func-
tion yy(e) is in Baire’s first class and thus continuous at a point. Since it is
additive, it must be continuous everywhere.

Let e, be a sequence of disjoint sets in a(E). Then (i) implies that for every
set o of integers y(D_,.e.) is in the closed linear manifold determined by
y(es), (n € o). Further

Zvy(en)=7y<zef.), vel.

neo neo

Thus it follows from Theorem 32 that y(e) is completely additive. From this
fact it follows immediately that lim, y(e,) =y(e) if e,—¢ monotonically. Now
let {e,} be a sequence dense in a(E), and let ¥, be the closed linear manifold
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in ¥ determined by y(e), where e is a sum of a finite number of the sets e,.
Then Y, is separable. Now let e be an arbitrary set in a(E), and from a sub-
sequence of {e,} converging in the metric of a(E) to e, pick a subsequence
e, such that
(e, 11X e > =0,
Me=1 ne=m

that is, such that

L] L]
e=]1>el

m=1 n=m

except for a null set. Now y(3_ntZe,) is in ¥, and

lim y(%pel> = y( f) e,.’),

? n=m n=m

so that for each m, y(3_," .e.’) is in ¥,. But

lim E,e,.’ = H Z el

m  ne=m Mme=1 n=m

monotonically, and thus

0

y(e) = lim y( > e,.’)is in ¥,.
m

Hence by the preceding theorem

lim y(¢) = lim sup yy(e) = 0.
la](e)=0 lal(e)=0 |vl=1

THEOREM 42. Suppose that the space a(E), when metrized by the distance
Sfunction

(e1, €3) = | al (e1+ €2 — eres),

is a separable space. Let y(e) be an additive function on a(E) to Y, and let T* be
a set in Y such that for every v in ¥ there is a sequence v.* of finite linear com-
binations of elements in T* with

lim v.*y = vy, ye?.
If
lim ~y*y(e) = 0, v* eT*,
lal(e)=0
then
lim y(e) = 0.

lal(e)=0
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This follows from the preceding theorem applied to I'=7 noting that in
this case the equation

Xn:vy(en) =7y<2n:en>, ve?,

where {e.} is a sequence of disjoint sets, assures us that hypothesis (i) of the
preceding theorem is fulfilled.

CuaprTER III

3.0. Extension of linear functionals and integration. In this section the
domain of a point » in X will be extended from X to %; that is, we shall as-
sign a meaning to »f, where » is a linear functional on X and f is a point in
¥=%[Y, '] and in particular investigate the properties of the integral [, fda.

THEOREM 43. If f is in X[V, T], v is in X, and v is in T, then vyf(.) is
linear in vy and

OIS CIRLIRIVIE
This is a corollary of Theorem 1. The equation
7(v) = »f()

then defines uniquely a point ¥ in T', and we shall define »f as this point in T".
The notation is perhaps faulty in that it does not show the dependence of »f
upon the closed linear manifold I', and perhaps »,.f would be preferable. This
latter notation will be used in any discussion where the manifold T is not
fixed. It might be noted here that if fis in X[V, I'’], and I’ o T, then v f is
an extension of v.f.

Besides the space X[V, I'] it will sometimes be useful to consider the sub-
class %o [V, T'] consisting of all fin X[V, T'] having the property that for every
vin X there is a y (depending on » and f) such that

V‘Yf =7y, Y € T.
THEOREM 44. The space %[V, T'] is linear, and in case T =7 it is closed in
X[y, T].
To see that X, is closed in ¥ if I' =7, suppose that f, is in %,, f is in ¥, and
|lf-—71IT—0, where the norm is taken in the space %. This means that

sup [|lvfu — vfll = 0;

Ivli=1
hence
lim sup sup | vfn — V‘)’fl =0,
n st Ivist
or
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sup sup | vya() — v¥f| = sup [[3.0) — 70)|[z =0,
Ivi=s1 lrli=1 frll=1

where y,(») is regarded as a point in T=7. Thus since ¥ is closed in ¥ there

is a y(») such that y,(»)—y(») uniformly for ||»|| <1 and thus

YOy = vrf = vy(O)

for every v in I'. The proof that %, is linear will be left to the reader.

THEOREM 45. If T =7, then a necessary and sufficient condition for a point f
in X[V, T'] to be in %,[V, T'] is that for every vy in a fundamental set F ¢ X there
s a Yo such that

vorf(.) = v(y9), vel.

For if »yf(.) =v(y) for every » in a fundamental set, the same identity
holds for every » in a dense set. Thus if » is an arbitrary point in X and
|l.—2||— 0, where

Vn'Yf(') = YYn, veT,

we have, using Theorem 43,

[7m = 3l = sup | a = va)rf() | < [lon = val| |Ifl] = 0,
Ivlis1

so that if y =1lim, y,, »yf(.) =vy.

This proves the sufficiency of the condition, and the necessity is obvious.

3.1. Integration of numerical functions. Before proceeding to a discus-
sion of integration of an abstract valued function of an abstract variable it
is necessary to set down here certain properties of real summable functions
of an abstract variable as well as properties of the Lebesgue integral of such
functions.

It is well known from the works of Radon [28], Fréchet [8], Nikodym
[22], Ridder [29], and others, that a theory of Lebesgue integration can be
developed for real functions of an abstract variable. In fact there are numer-
ous equivalent ways of defining the Lebesgue integral of such a function and
several of these are discussed in the paper by Ridder. A basis for such a theory
is usually a completely additive family a(E) of “measurable” subsets of a
given measurable set E and a completely additive real function o. What we
have to say here will be based upon the postulates and results in the treatise
of Saks ([30], pp. 247-263). Since a completely additive set function is ex-
pressible as the difference of two completely additive non-negative set func-
tions, one might restrict the discussion (as Saks does) to the case where a
is monotone. We prefer not to assume this. Since only functions which are



336 NELSON DUNFORD [September

summable with respect to ||, the total variation of e, are considered, there
can be no meaningless symbols such as © — « arising in the discussion.

The symbol L¢, L«(E), or L«(E, ) will be used for the space of numerical
measurable functions ¢(p) on E for which |#(p)|? is summable with respect
to |a| on E; and L, L(E), or L(E, &) will be used in place of L!, L}(E),
L'(E, ), respectively. Upon introducing the norm

loll = (f s lealal )",

the space L becomes a Banach space.* The triangle property of this norm
follows from Minkowski’s inequality for denumerable sums together with the
fact that a function in L? can be approached in norm by denumerably valued
functions. The completeness of the space can be established in a well known
fashion. It suffices to show that a Cauchy sequence ¢, in L? determines a
function ¢ such that ¢.(p)— ¢(p) approximately with respect to o on E, and
secondly that the integrals [,|¢.(p)|%d|a| are equi-absolutely continuous.
From these two results one readily concludes that ¢ is in L? and ||¢,.—¢||—>O.

The general linear functional ¥ on L¢, (¢ < ®), is expressible in terms of a
point ¢ in LY (where 1/g+1/¢’ =1) by the formula

v = [ Woe@al al,
E
and the norm ||v|| is given by

1/q’
bl = ([ 1eolealal) ™, e <,

ess. sup. Inp(p) |, ifg = .
To see this we note that by a theorem of Nikodym [22]

y¢,=f¢<mdla|,

where ¢, is the characteristic function of the measurable set e. Therefore
yo=/ E¢(p)¢(p)d|a| for all finitely valued functions ¢. If ¢, is a sequence
of finitely valued functions with ||¢.—@||—0, then ¥(p)$.(p)—¥(p)d(p) ap-
proximately with respect to @ on E, and /, V(P)ba(p)d|a| converges for every
measurable set e. This shows that y¢ is summable on E and that
yo=/ E¢(p)¢(p)d|a|. Furthermore, as the reader can readily show, every

* We assume that 1<¢< «. For g= « the space L¢ is the space M(E) of essentially bounded
and measurable functions.
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function in L¢ is approachable in norm by finitely valued functions, and

thus y¢ =/ ¥ (p)¢(p)d|«| for every ¢ in L.
To see that ¢ is in L« we proceed as follows. Since y¢ is in L for every ¢
in L, we have |¢(p)| /2 sgn ¢(p) in L7 and thus

1/q
[ 19 [110a a] = 2| wto) |15 sgn 9o = Hvll( [1vw1al al)
E E
= [l (v(sgn ¥)) e < |lv][=+1e[| | (E) ]V,

which shows that |¢(p)|!/e+/¢" is in L. Thus

fEI v(p) |1+1/q+1/q’d' al = ( | v(p) |1/q+1/q2 sgn ¥(p))

<ol (f 1o sayal) ™

< [l lixllresie | | (B e
= [ly[[rvresif ] a| (B)]e
In general

f | ¥(p) ‘1+1/q+---+1/q"d| “I < “.y”1+1/q+---+x/q"[| al (E)]l/q".
E

Taking now first the case where ¢ >1, we see that the integrand on the left
side of the above inequality approaches |¢(p)|?; hence by Fatou’s lemma

fE | v(9)

By Hoélder’s inequality ||v]|¢' </, |¢¥(p)| ¥d|«|, so that the theorem is estab-
lished for ¢>1. In case g=1 let e, be the set on which |¢(p)| =m; then

q’

“d|a| = |

wlal @ = [ wilals [ sl el 5 o] ] @.
That is,
(M/“‘Y”)"| al (em) = l al (E)’

for every positive number m and every integer #. This shows that || (e.) =0
if m>||v]|, or in other words,

ess. sup. | ¥(p)| = ||v|.
On the other hand, it is obvious that
ess. sup. |y(p)| = ||,

which completes the proof of the theorem.
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From well known inequalities it follows that for every ¢ in L¢ and ¢
in Le the product ¥¢ is in L; and if ¢ is fixed, the function [ ¥ (p)¢(p)d| |
is a linear functional on Le. Thus the conjugate space L? is isometrically
isomorphic with L?. To summarize the above facts about L? we state the
following theorem:

THEOREM 46. Assume 1 <q< . Then the space L1=L«(E)=L(E, a) of
numerical measurable functions ¢ for which |p|? is summable with respect to
|| on E is a Banach space under the norm

Il = (f ] s leatal) ™

Every linear functional v on L1 is expressible in the form
9 = f V(P)$(p)d | al,*
E
where Y is a point of LY, (¢’ =q/(q—1)), and

1/q’
“d ’ ) ! < ® ’
Wl = ([ 1elvalal) ", i g
ess. sup. | ¥(p)|, if ==

Conversely if Y is a point of LY, then Y is summable for every ¢ in L4, and
Je¥(0)d(p)d| | is a linear functional on La.

In case ¢ = the general linear functional on L¢is given in terms of an
integral with respect to an additive set function of bounded variation [7],
[15], but we shall not use this in what follows.

3.2. Integration of abstract functions. In case X = L¢(E, ) and the func-
tional » in X is taken as v¢ = [ ¢da, then the meaning assigned (in §3.0) to »f
for fin ®¢(E) [V, T'] is to be taken as the definition of [, fda.

Our chief interest in this chapter will be the linear space £/(E) [V, T'], its
specializations Q¢(E) [V, V], 2¢(E)o[Y, 7], and (E) [V, Y ]=2(E),[7, V],
and the integral as a linear operator on these spaces. Here and elsewhere un-
less explicitly stated to the contrary ¢ is an arbitrary real number with
1<g=< . The space R(E)o[Y, Y] =21(E)o[Y, 7] includes the various classes
of functions called summable or integrable by the authors Graves [10],
Hildebrandt [14], Bochner [4], Dunford [6], Birkhoff [3], and, in view of
Theorem 45, is identical with the class of summable functions discussed by

* It is also expressible in the form y¢=/ gE(P)o(p)da.
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Pettis [24]. The space {(E)[7, Y] is the space of summable functionals de-
fined recently by Gelfand [9] for the case E=(0, 1).

We shall begin with a discussion of the general space 22(E)[V, I'] and
the integral on this class. The discussion can then be applied to all of the
above cases. A number of the properties of the space 2(E)[¥, I'], and of the
integral [,f(p)da on this space, are immediate consequencesof the definitions
and of Theorem 1. We shall state a few of them first.

THEOREM 47. The space RUE)[Y, T'] is a normed linear space, the norm
being that of Theorem 1. The integral [ f(p)da is a linear (that is, additive and
continuous) operation on L4(E)[YV,T'] to T.

THEOREM 48. (i) If f is in QU(E) [V, T, then f is in R(e) [V, T] for every
ein a(E), the family of measurable subsets of E.

(i) The function f on E to ¥ is in QE)[Y, T'] if and only if ¢-f is in
(E)[Y, T'] for every ¢ in LY (E).

THEOREM 49. Ifyisin T, ¢ in LY (E), and f in RU(E) [V, T], then

= [l llell [l

| REO

A corollary of this is the following theorem:

THEOREM 50. If 1<q= o, the integral

[ erstoria

is a completely additive and absolutely continuous function on a(E) for every f in
Q(E)[Y,T] and ¢ in Ly (E).

Here and elsewhere in the paper a set function y(e) is called absolutely
continuous in case y(e)— 0 with |a|(e), and completely additive in case
Y3 nen) =2 _.¥(es) for every sequence {e.} of disjoint measurable sets. In the
preceding equality the series on the right must be unconditionally convergent
since the left side is independent of the order of the sequence {e,}.

THEOREM 51. If V is separable and ¢>1, then
R(E)[Y, 7] = 2¢(E)o[Y, 7).

For if v,y— vy for every y in ¥, then ||y,|| is a bounded sequence, and, by
the preceding theorem, we have for every e in a(E)

lim Yof(p)da = 0

lal(e)=0 J cer
uniformly in #. Thus
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[ vtttz [ asia.

By a theorem of Banach ([1], p. 131, Theorem 8) there is a y such that

vy = [ 4fp)ie, veT.

The desired conclusion follows from Theorem 45.

Theorem 51 contains a recent theorem of Krein [17]. Krein has proved
that if f(¢) on (0, 1) to a Banach space ¥ has the property that yf(#) is con-
tinuous for every v in ¥, then there is a point y in ¥ such that

1
Yy =f vf(¢)da, veY,
0

and has used this result in a discussion of a fixed point theorem. In order
to see more clearly the connection between Krein’s result and Theorem 51, we
should state this theorem in a slightly different form. If we do not want all
of (E)[Y, 7] to be in ¢(E),[V, ¥ ] but merely want a particular function f
in Q(E)[V, 7] to be in 22(E),[V, 7], it is sufficient to assume that f(E—a
null set) is separable (and is thus not necessary to assume the whole of ¥ to
be separable), which is equivalent [24] to assuming that f is measurable.
Theorem 51 stated in this new form reads as follows:*

THEOREM 52. Assume ¢>1, and let f on E to ¥V be measurable and such that
vf is in LY(E) for every v in Y. Then f is in RQUE),|[Y, V], which means that
for every ¢ in LY (E) there is a vy such that

Yo = fE¢(1>)vf(1>)da, yeT.

‘To obtain Krein’s result from this it suffices to prove that f[(0, 1)] is sepa-
rable. Let 7, be a partitioning of (0, 1) into intervals 6,», (m=1,2, - - - | p,),
such that the norm of the partitioning approaches zero with 1/#. If 7, is a
point of 8, and f.(t) =f(r,) on &,», then vf.(£)— vf(¢) for every v and ¢,
and thus f(f) must be in the separable closed linear manifold determined by
the points f(,").

In the case considered by Krein more might be said, for the boundedness
of vf(t) for every v in ¥ insures us that the norms ||f(¢)|| are bounded, and
thus the function f is an absolutely integrable and measurable function.

* Pettis [24] has given a slightly different form of this theorem.
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THEOREM 53. If f is in R(E)[Y, T, and the set of values taken by the
integral

[ 1932, ¢ ea(B),

is a separable set in T, then the integral is a completely additive and absolutely
continuous function on a(E).

Since the unit sphere in T is a bounded set in T, this theorem is a corollary
of Theorem 40.

THEOREM 54. Suppose a(E) separable* f in QU(E) [V, T'], where T is a
determining manifold in V, and

(i) for any sequence {e.} of disjoint sets, [z..f(p)de is in the closed linear
manifold determined by [, f(p)da.

Then the integral [.f(p)de is a completely additive and absolutely continuous
function on a(E). Further if T =7, the kypothesis (i) may be omitted.

This is a corollary of Theorems 41 and 42. It is not as general as these
theorems for there are absolutely continuous set functions which are not in-
definite integrals [24].

THEOREM 55. Let E be the real interval (a, b) and a Lebesgue measure, and
let f be in R(E)[Y, T'] and ¢ in L(E). Then if

30 = [ 10ds, a0 = [ a0,
we have
o7 e(B)[T, T], ®f e E) [V, T],

and
b

b b
f o)y (Hdt = &7 | — f @) f(t)dt.

a

Let a(E’) be another o-field of measurable subsets of a measurable set E’,
and let a’ be a completely additive set function on a(E’).

THEOREM 56. If the function f(p, p') on EE’ to Y belongs to the spacet
R(EE’, axXa’) [V, T], and if for all p in E, except for a set upon which || =0,
f(p, p") is in K(E', &) [V, T], then [¢f(p, p")de!" is in ¥(E, &) [T, T'], and

* For the case I'="Y Pettis proves this theorem without the assumption of separability. His
method however can be applied to the theorem as stated here without the assumption of separability.

t For the notion of the product measure on the product space and the general Fubini theorem
for real functions see Saks [30], or L.omnicki and Ulam [20].
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10, 9ie x &) = [ da [ 1o, praer.
EE’ E E’

THEOREM 57. Let f, be in QU(E)[Y, T], (n=1, 2,---), and suppose
S, f+(p)da is absolutely continuous for each n. Then if

tim | 7.(p)da

exists for every e in a(E), the integrals [,f.(p)da are equi-absolutely continuous.

The familiar argument of Saks [31] based on the Baire category theorem
holds in this environment. For upon setting F.(e) = [, fa(p)de, the space a(E)
with metric (e;, ez) = || (e1+e2— e:¢2) is the sum of the closed sets

a, = a(E) [“Fm(e) - Fn(e)” Se¢/3, mnz Q];

and thus by the Baire theorem, there is an integer ¢, and a sphere S(eo, 7) € a,.
Let 6 <7 be such that

IF ()l < e/3, || () <.
Thus for |a|(e) <3 the sets e,=e+(eo—e), e2=eo—e are in S(eo, 7), and
[Fn(e) = Fa(@)l| < [[Fm(er) — Falen)|| + ||Fmlea) — Falea)|| < 2¢/3,
for m, n2q,; and for || (¢) <& we have
IFa(oll = e, m Z g

THEOREM 58. Let f, be in R(E)[Y, T}, (n=1, 2, - - - ), let fo(p)—f(p) ap-
proximately on E, and let [ f.(p)de be absolutely continuous for each n. Then the
Sfollowing assertions are equivalent:

(i) ‘The limit, lim [ fu(p)da, exists on a(E).
(ii) The function f is in L(E) [V, T'] and

im [ futpde = [ s(p)0a

uniformly on a(E).
(iii) lim lim sup f fm(p)da| = 0.
lal(e)=0 m .
- (iv) lim fm(p)da = €
laj(e)=0 o .

uniformly in m.
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The proof of the theorem is not a great deal different than for the case of
absolutely integrable and measurable functions f(p) (see Dunford [6], pp.
447-448). There are several differences however; for example, in the present
case we do not know that the set e(n, €) consisting of all the points of ¢ where
||f(#) —f(p)|| Z € is a measurable set. It might also be pointed out that in the
case of absolutely integrable functions it is necessary to assume that the limit
function is summable, while in the broader space (E) [V, I'] this is part of
the conclusion. Before proving the theorem we shall recall the meaning of
approximate convergence. The sequence f.(p) is said to approach f(p) ap-
proximately on E in case for every # and >0 there is a measurable set
e’'(n, €) >e(n, €) such that

lim | «| (¢'(n, €) = 0.

If ||v]| =1, and e(y, #, €) is that part of ¢ on which
| v/a(0) = v1(P) | 2 ,

then e(y, n, €) is measurable and
5(7, n, e) ce(”) e) cel(”; e)’

which shows that vf,(p)— vf(p) in measure. The sequence f,(p) is said to ap-
proach f(p) almost uniformly on E if for every € >0 there are sets E. and E/
with E! measurable, E! > E—E,, |a|(E!)<e, and f.(p)—f(p) uniformly
on E.. It is known [6] that if f,(p)—f(p) approximately on E, then every
subsequence of f,(p) contains a subsequence which approaches f(p) almost
uniformly on E. Now to demonstrate the theorem we shall show the following
implications: (iii)—(i)—(iv)—(ii)—(iii). Assuming (iii), we have for every
¢>0 a §>0 such that for every measurable e with |«|(e) <8 there is an #,

such that
| [ #se

Let it first be supposed that f,(p) converges almost uniformly on E. Then

< e, n = n,.

=

| [ 6ut = 5o

)f (Fn®) — fo(p))dex
E—E’ %)

+

y

[ o) = 1o
E’ ()

where E’(8) > E—E(5), |a|(E’(8)) <8, and f.(p) converges uniformly on
E(8) and hence on E— E’(8). There is an m, such that
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’ fE_E,(s)(fm(p) — fa(P))de || <,
fz o, In®) = [u@))der|| < 26, s
Thus for m, n=m; we have
| nt0) = 1stoma| < 3.

The same proof holds for an arbitrary e in a(E). The same conclusion follows
if f, only approaches f approximately, since then every subsequence of
Jf=(p)da contains a subsequence approaching [, f(p)da. Thus (iii)—(i). The
implication (i)—(iv) follows from the preceding theorem. To show that
(iv)—(ii), first note that since lim|a (=0 J,¥fm($)da=0 uniformly in m, and
¥fm—f approximately on E, the function 4f must be in L(E); hence f is
in f(E)[Y, T']. Furthermore for each v we have

(a) tim [ ~fu(p)de = f 2f(p)de.

To complete the proof of (ii) we have to show that (a) holds uniformly for
7| =1 and e in a(E). Now

| [ 6wt = 1p0a

<|[f 0 - pipia

+f ) = £l

)

where E’(m, n, €) is a measurable set covering the set E(m, n, ¢) upon which

[£n(2) —f(D)|| > €. Also

| falp) = Jo(p))da
e—E’'(m,n,¢)

— sup f Yfn(®) = fu(D))da | S € | (B).
llvli=1 e—E’'(m,n,e)
There is a >0 such that if || (e) <3,
f(fm(P) - fﬂ(p))da < e, m, n = 17 2’ T

and an m, such that
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| a| (E'(m, n, &) <3, n,m 2 m.

Consequently, since
I a| (eE'(m, n, €)) < I al (E'(m, n, ¢)) <3, n, m =mg,

| [ sutria - [ siorae
and, in view of (a), this proves (ii). From (ii) it follows that [ f(p)da is ab-

solutely continuous. Thus
[ e [ 14y

hence (ii) implies (iii), which completes the proof of the theorem.

THEOREM 59. If f is in RUE) [V, Y], and if for every e in a(E) there is a
yin Y such that

we have

Se[t+|a|B],  n,mzmg

= lim =0;

|a|(e)=0

lim lim sup
laj(e)=0 m

vy = fcvf(li)da, veY,
then for every ¢ in LY (E) there is a y in Y such that
v = [ e soe.
This is a corollary of Theorem 45 in the case where 1<¢<«. The case

g= is the case where yf(p) is measurable and |yf(p)| is essentially bounded
for every v in V. The integral

[ swrorae,
E
which we know always exists in ¥, must be in ¥, for if ¢, is a sequence of

finitely valued functions (that is, functions assuming only a finite number of
values) with

16n = #ll = [ 19a6) = 6(p)1 4] | >0,
E
then [,é.(p)f(p)da is in ¥, and by Theorem 49,

= lléa = gll-ll7ll o,

’f,,q""(i’)f(f’)dd - L $(p)f(p)da

so that [ ¢(p)f(p)de is also in V.
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THEOREM 60. For f in R(E)o[Y, Y] (E)[Y, Y]), the operation U(y)
=vf(.) on ¥ [V ] to L(E) is weakly continuous. If f is in R(E)o[Y, Y], and
f(E—a null set) is a separable set in ¥ (or if f is measurable*), then U is com-
pletely continuous.

For if v;y—vyy for every v, the integrals
fv.-f(;ﬂ)da = 7YY

are equi-absolutely continuous, and since v.f(p)—vf(p) for each p, we have

UG — U@ = f | v/(®) — 1) | ] | 0.

A similar proof holds for the case where f is in R(E)[Y, ¥]. The complete
continuity of U is a corollary of Theorem 34.

THEOREM 61. If f is in R(E),[Y, Y] and ¢ is in L«(E), then a necessary
and sufficient condition that there exist a v in ¥ with

) Il =M,  ~f(p) = 8(p),

almost everywhere on E, is that

(ii)

fE 1(D)e(pde | < M H f n()f(p)da

for every n in a set dense in L' (E).

If there does exist a vy satisfying (i), then (ii) is obviously true. To prove
the converset first note that if (ii) holds for every 5 in a set dense in L?,
then by Theorem 49 it holds for every 5 in L?. Let ¥, be the linear manifold
in ¥ determined by

f n(9)f(p)de, neld.
E
Now if

y = f n(P)f(p)dex = fEn'(P)f(P)da,

we have

* That is, the limit almost everywhere of a sequence of finitely valued functions. In view of a
result of Pettis [24] and the fact that vf is measurable, the assumption that f(E—a null set) is separa-
ble is equivalent to the assumption that f is measurable.

1 The proof parallels Banach’s discussion of the moment problem ([1], p. 55, Theorem 4).
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=0,

< M” fE [2() — ' (#)1/(p)dx

‘ fEn(P)¢(P)da - f;’(p)«p(p)da

so that
7o) = [ 2(p)6(p)da
E

is a well defined additive functional on V. It is also continuous since

= Ml|y||.

7oy = | [z

<M H IR

Hence by the Hahn-Banach theorem on the extension of linear functionals
there is a linear functional vy defined on the whole of ¥ with

| vy| < M, ye?,
vy =0y = [ a(ps(pde, y¢ Yo,
Thus for every 7 in Lv'(E)
S rotria = [ a)prda = [ apnsp)ia.
Upon writing ¥(#) =(p) —/(), we have
Jrowiia o, meL.

According to a theorem of Hahn-Sierpifiski ([30], p. 249) every E’ in a(E)
is representable as the sum of two disjoint sets E,/, E’ such that « is non-
negative on a(E;’) and non-positive on a(E_’). It follows immediately that
¥(p) =0 almost everywhere.
THEOREM 62. Let f, be in RE)o[Y, V], (n=1, 2, - -), and f.(p)—f(p)

approximately on E. Then the following assertions are equivalent:

(i) Thelimit, limy, [, fu(p)de, exists on a(E).

(i) The function f is in RE)o[Y, V] and

tim [ futp)ia = [ f(p)aec
uniformly on a(E).

(iii) lim lim sup =0.

lal(e)=0 m

J 1uta
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(iv) Uniformly with respect to n,

lim fa(p)da = 0.

laf(e)=0 V o

In view of Theorems 54 and 58 there is only one thing to prove here;
namely, that f is in 2(E),[Y, ¥]. This however follows immediately from
Theorem 59 together with the facts that ¥ is closed in ¥ and

i [ 5u(p)da = [ sp)da.

THEOREM 63. Let E be the real interval (a, b), o Lebesgue measure, ¢ real
and continuous on (a, b), and f in LE)[Y, Y] or R(E)[Y, Y. Then if

8 = [ s,
the Riemann-Stieltjes integral [ :¢(u)d[3 (u) exists and
b b
[ stise = [ swsran.

That j: ¢ (%)dB(u) exists in the Riemann-Stieltjes sense follows from Theo-
rems 11,12, and 13; and the equality follows from the corresponding Theorem
for numerical functions.

THEOREM 64. Let E, a be as in the preceding theorem, and let f be in
R(E)o[Y, Y. If Y is separable, then for every real function ® absolutely con-
tinuous on a <t < b we have almost everywhere,

2o [ 0~ [ r0e0a] - #0 [ 1oa.

This is not an immediate corollary of Theorem 55 as one might think at
first sight. By that theorem Fis in (E) [V, ¥ ], where

Fp) = @) [ s

and

f:F(l’)dif = &(s) fa'f(t)dt - f' &(s)f(s)ds.

a

Since f is in R(E)o[Y, 7], it follows that F is in @(E)[¥, ¥]. This is still not
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enough however, for an indefinite integral of a function even in (E),[V, 7] is
not necessarily differentiable. It will be true that

d s
— f F(p)dp = F(s)

almost everywhere, (which is what we want to show) if F(p) is measurable
and ||F(p)|| is summable, that is, if F belongs to the class of absolutely in-
tegrable and measurable functions (see Bochner [4]). By Theorem 2, [7f(1)d¢
is bounded on (a, b), and for each v in ¥ the function v fs1(f)d¢ is measurable
(in fact absolutely continuous) on (e, b). Since Y is separable, it follows from
a theorem of Pettis [24] that [’f(f)d? is measurable. Thus F(p) is the product
of a real summable function and a bounded measurable function and hence is
measurable and absolutely integrable.

THEOREM 65. Let E, a, f, V be as in the preceding theorem.* If f is defined
to be constant outside of (a, b) and f(t) =f(t+h), then limy—y fo—f =0, that is,

b
tim [ |+ B = 1) dt = 0

uniformly for ||v|| 1.
This follows immediately from Theorem 34 by taking the class T as a
class consisting of a single element.

CHAPTER IV

4.0. Instances. It is not the purpose of the present chapter to apply the
preceding results, as we intend to do that later, but merely to call attention
to some special instances of a few of the theorems.

As an instance of Theorem 10 we mention the following theorem which is
a generalization of a theorem of Hahn-Steinhaus [12], given by Saks and
Tamarkin [32].

THEOREM 66. Let V be an arbitrary set (v) and U a set (u) in which there
is a notion of null set satisfying condition (N). If for every u in U (or almost
all win U) and every v in V the function H (¢, w, v) is of bounded variation on
a <t =b and normalized so thatt

H(t, u,v) = 1/2[H(@ + 0, u,v) + H(t — 0, u, v)],

* In both of these theorems it is not entirely necessary that ¥ be separable. All that is needed
is that f(E—a null set) be separable which, in view of Pettis’ result, is equivalent to saying that f is
measurable.

t Or normalized in any other manner so that its total variation is the same as the norm of the
linear functional it defines on C.
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then if, for every continuous function ¢ defined on (a, b), there is a null set Uy c U
and an M such that

b
f o) H(@, u,v) < M, uel — Uy, veV,
there will be a null set Uyc U and a constant M such that
b
fld,H(t,u,v)|<M, uelU — UgveV.

This corresponds to taking ¥ =BV, I'=C. Another choice might be
Y =M, T =L. This would yield the theorem:

THEOREM 67. Let U and V be as in the preceding theorem, and H(t, u, v)
essentially bounded in t for almost all w and all v. Then if for every summable
function ¢ there is a null set Uy c U and a constant M 4 such that

b
f S(H(, u, v)dt < M, uel — Us,veV,

there is a null set Uyc U and a constant M such that

ess. sup. |H(t,u,v)|<M, uelU — Up,veV.
t .

THEOREM 68. Let a(E), a(E’) be two families consisting of all measurable
subsels of the measurable sets E and E', respectively. Let a, o’ be positive, finile,
completely additive set functions on a(E), a(E’), respectively. Let K(p, p') be a
real function on EE' such that the integral

f K(P’ P,)da,7 el € a(E,) ’

exists for almost all (with respect to &) p in E and is essentially bounded and
measurable on E. If for every ¢ in L(E, a) there is a constant M such that

[ swia [ Ko, p0a
E e’
then for every y in L(E', ') the integral

= Myd(e),

G, pW(p)del

exists for almost all p, is essentially bounded and measurable in p, and

lim ess. sup.
¥=0 »

f K(p, $W(p)del | = 0.
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In Theorem 18 take Z=L(E’, a’), ¥ =L*(E, a), I =L(E, «), and
1 = [ K, #1500
E'

By assumption f(z) is defined for. all finitely valued functions, so that D(f)
is dense in L(E’, a’). Also by assumption
| v/@) | = M.s]|

providing z is the characteristic function of a measurable set ¢’. It is readily
shown that this same inequality holds for any finitely valued z, and the adjoint
of fis thus defined for every v in I'. Then by Theorem 18, f(3) can be extended
to be linear and bounded on L(E’, &’). Let z, be finitely valued functions
approaching z in L(E’, ). Then there exists a set Ege a(E) with a(E—E,) =0
such that

| K@ #spae

converges uniformly with respect to p in E,. Furthermore for each p in E,

K(p, p")zn(p") — K(p, p")2(p)

approximately with respect to o’ on E’, and

ess. sup. | [ K(p, #)sa(@iet | = el < 01 [ Voato) ) de,

? e’ e’
where .. is the characteristic function of e’. This shows that the integrals
S, K(p, p")z.(p")da’ are, at least for p in a set of measure a(E), equi-abso-
lutely continuous, and thus [,K(p, p")z(p")da’ exists almost everywhere and

is essentially bounded. The last conclusion follows from Theorem 18.

THEOREM 69. Let Z be a Banach space and f(z) = K(z, t) an additive func-
tion on Z to L,(0,1). If

lim K(z, t)dt = 0, 0=s=1,
z2=0 0

then
lim ess. sup. I K(z, t)| =0, ifg= o,
z2=0 t

1 1/q
lim(flK(z,t)lth) =0, if1=<¢g< .
0

z=0

In case 1<g=<, this is Theorem 21 applied to L(0, 1). For ¢=1 one
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can use Theorem 20 with ¥ =L, I' =C =continuous functions, I'* = charac-
teristic functions of intervals.

THEOREM 70. Let Z be a Banach space, and f(z) = K(z, t) an additive func-
tion on Z to the space C (where C is the space of continuous functions on (0, 1)).

If
lim K(z, £) = 0, 0<st=1,

z=0

then

z2=0

1
lim | |dK(z )| = 0.
0

This is Theorem 20 applied to the case where ¥ =C, I'=C, I'"*=charac-
teristic functions of intervals.

Assume p>1; then an instance of Theorem 34 (or 60), if we use the fact
that if ¥ =7, then R(E) [V, 7] =2Q(E)o[¥, 7], is the following theorem:

THEOREM 71. If for almost all s in (0, 1) the function H(s, t) is in L?'(0, 1),
and if

v@ = v = [5G et

is in L(0, 1) for every ¢ in L7(0, 1), then the operation U(p) is completely con-
tinuous on L? to L.

Likewise we have the following theorem:
THEOREM 72. If for almost all s in (0, 1) the sequence a.(s) is in 1?’ and
U(x) = Z gnan(s) = 1#(5)
n=1
is in L (0, 1) for every vector x={£.} in 1?, then the operation U(x) on I? to L
is completely continuous.

As instances of Theorem 32 we have, if T is a class with one element and
we take first ¥'=0*', I'=I7 and then ¥ =L#', T'=L?, the following two theo-
rems:

THEOREM 73. Every linear operator from 1?, (p>1), to 1 is completely con-
linuous.

THEOREM 74. Let a,(s) be in L?’(0, 1), (n=1, 2, - - - ), and suppose that
1
U(p) = f a,(s)p(s)ds
0

isinl for every ¢ in L?. Then U() is completely continuous.
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As a matter of fact any continuous linear operator from Y to lis completely
continuous provided ¥ =Y. This fact has been proved by Pettis [25] and fol-
lows also from Theorem 30 together with the remarks following Theorem 32.

THEOREM 75. If {v.} is a sequence of points in a Banach space V such that
> Enyn converges for every x={£,} in m, then the operation

U(x) = Z Enyn
n=1
on mto Y is completely continuous.*

By hypothesis all partial sums of ), v, are convergent; hence by a result
of Orlicz [23] the series Dy, is unconditionally convergent. The operation
V{y)={vya} is therefore a linear operation on ¥ to /. By Theorem 32, V is
completely continuous, and since U is the adjoint of V, it follows from a re-
sult of Schauder [33] that U is completely continuous also.

If we had been working in the complex domain instead of the real domain,
the following theorem would be an immediate corollary of the definition of
the integral. As it is, a few words of explanation are necessary. In this final
theorem ¥ is a complex Banach space, that is, a complete normed vector
space satisfying all the postulates for a Banach space with the real number
system replaced by the complex number system (see Wiener [38]). Let ¥ be
the space of all complex valued continuous linear functionals on ¥. Then upon
placing

Il = sup |y
flvll=1

for v in 7, the space 7 is also a complex Banach space.
The space ¥ may be regarded as a Banach space; thus ([1], p. 55) for
each y, there is a real function p such that

u(yo) = [|3d], sup |uy| =1,
lyll=1

u(eyr + cayz) = cul(y1) + ceu(ye), c1, ¢s real.

The function u is not in ¥ however because ucys cuy for ¢ complex. However
by defining u’(y) = —u(iy), the function

vy = [1/()"2]}[1(y) + i’ ()]

is continuous and linear, and ycy = cyy for complex values of ¢. Thusy isin Y.
It is readily shown that

M =1, el = [lvdl/2)r2,

* This theorem was proved for the case ¥’ =1 by Littlewood [19].
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so that
sup | vy| = [hll/@)re, yeV.

Ivli=1

A determining manifold T c 7 is defined to be a closed linear manifold in ¥

such that
sup |vy| = My, yeV,
S

where v is restricted to be in T and M is some positive constant independent
of y.

It is readily shown that a function y(f) on an arbitrary range T is bounded
if ¥y(¢) is bounded for every v in a determining manifold I' ¢ ¥. For then I’
is the sum of the closed sets

T = F["Yy(t)l = m’teT]r

and by the Baire category theorem there is a sphere S(y,, ) of T' contained
in T, for some integer no. Thus if ||v|| <7,

lyy@ | = | (v — vo)y@) | + [ voy® | = 21, on T,
so that, for any v in I with v <1, |yy(f)| £2n on T and thus
ly@|| < 2ner/M, on T.

In terms of this notation we have the following theorem:

THEOREM 76. Suppose D is a simply connected open set in the complex plane,
Y is an arbitrary complex Banach space, and f(z) on D to Y is such that vf(z)
is analytic for every v in T. Then vf(z) is analytic for every v in ¥ and*
() [,f(z)dz=0 for any rectifiable curve C in D;
(i) 1) = (1/270) [, [£)/ € —2)1d5 if C contains z;
(iii) f(z) has strong derivatives of all orders and
(iv) f™(z) = (n!/2m5) [ [f(§)/ (¢ —2)"*]d§ if C contains z;
(v) the Taylor expansion
L z — n
5 (z—-7%)

n=0 n!

f(n)(z)

converges uniformly to f(z) for z in any circle |z—¢| <r inside D.
All of the above integrals can be taken in the Riemann sense.

To prove (ii) note first that the boundedness of yf(z) on C for every vy
in T implies the boundedness of ||f(z)]| on C. Now from the formula
* If the boundary of D is a rectifiable Jordan curve, and vf(g) is continuous in the closed domain

D for each v in T, then the curve C, appearing in the various integrals, may be taken as the bounding
curve.
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1 1 1
vl + 0 = 10 = o= 210 - [

and the boundedness of ||f(z)|| on C it follows that
lim 1[G+ k) — f@@)] =

uniformly for ||v|| <1, that is, limso f(z+4) =f(z). Thus the integral

1 ¢ )
g(z) = . - d
exists in the Riemann sense. Since vf(z) =vg(z) for every v in a determining
manifold, we have
¢ )
0=
- z

The remaining conclusions of the theorem follow in the usual manner from
the above formula.
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